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1. INTRODUCTION 
The following Ostrowski nequality is well known [1]: 
1 f(t) dt < + b - a - (b - a) 2 j (b - a) I l f ' l l~ • 
This inequality holds for every x E [a, b] whenever f : [a, b] --* R is continuous on [a, b] and 
differentiable on (a, b) with derivative f '  : (a, b) --* R bounded on the (a, b), i.e., 
llf'll~ = sup If'(t)t < +c~. 
tE(a,b) 
In the recent paper [2], Anastassiou presented the generalized weighted Montgomery identity and 
used it to obtain some new Ostrowski type inequalities. We state that identity with somewhat 
changed notation. 
THEOREM 1. Let  f : [a,b] --~ R be n- t imes differentiable on [a,b], n E N with f ( " )  : [a,b] ~ R 
integrable on [a, b]. Let  g : [a, b] --* R be a function of bounded variation, such that g(a) 7£ g(b). 
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For any x 6 [a, b] define weighted Peano kernel 
1 { (g(t) - g(a)), 
Pg(x't)  = g(b) - g(a) " _ (g(t) - g(b)), 
Then 
a<t<x,  
x<t<_b .  
f (x )  g(b) - g(a) f (sl) dg (sl) g(b) - g(a) = 
. . . .  p~ (x, sl) H Pg (s,,s,+l) dSl...ds~+~ 
i=1  
b b n - -1  
/=1 
The aim of this paper is to prove the discrete analogue of weighted Montgomery identity and 
to use it to obtain some new discrete Ostrowski type inequalities as well as the estimations 
of difference of two (weighted) arithmetic means. In Section 2, discrete weighted Montgomery 
identity is presented and it is the discrete analogue of the result from [2]. In Section 3, Ostrowski 
inequality and it's generalization is proved. These are the discrete analogues of some results 
from [3,4]. In Section 4, the estimations of difference of two (weighted) arithmetic means are 
given and these are the discrete analogues of some results from [5-9]. 
2. D ISCRETE WEIGHTED MONTGOMERY IDENTITY  
Let al, a2, . . . ,  an be the finite sequence of real numbers as well as wl ,w2, . . . ,w , .  If for 1 < 
k<_n 
then we have (see [10]) 
wk = Z ~" Sk = ~, = w.  - w~, 
i=1  i=k+l  
n k -1  n -1  
Ewia i=akWn + EW,(a , -a i+ l )+ E l/v¢', (ai+l - ai),  
/=1  i=1 i=k  
1 < k < n. (2.1) 
Now, let f : ~ --~ ]~ be any real-to-real function. The difference operator A is defined by 
Af (x )  ---- f (x+ 1) - f (x) .  (2.2) 
This is the finite analogue of the derivative and if f is any real-to-real function, so is Af .  
If we apply formula (2.1) with ai = f( i ) ,  1 < i < n, we get 
n k - - i  n - - i  
Z ~,s(~) = s(k)wn - Z wv~f(i) + ~ ~¢,~f(i). 
,=1  /=1 i : k  
So, the discrete analogue of weighted Montgomery identity is 
n n 
1 ~f ( i )  +ZD~(k , i )~f ( i ) ,  
f (k )  : ~ /=1 ,=1 
where the discrete Peano kernel is defined by 
1 {W, ,  1<i<k-1 ,  
D~(k, i)  = ~--~ • ( -¢~0,  k<i<n.  
(2.3) 
(2.4) 
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REMARK 1. More generally we could take ai = f(x + i), 1 < i < n where x E ]~, and in this way 
obtain 
n n 
1 ~-~wJ(x+i)+~-~D~(k,  i lAf (x+i) .  f (x  + k) = 
i=1 i~ l  
But, from now on we will assume that x = 0 without loss of generality. 
If n E N, A n is inductively defined by 
Anf  = A~- I (Af ) .  
Then, it is easy to prove by induction or directly using the elementary theory of operators 
(see [11]) 
~(n)  n-k Anf(x) = k ( -1)  f(x + k). 
k=O 
In the next theorem, we give the generalization of identity (2.3). 
THEOREM 2. Let f :R-~ R be any real-to-real function and A the difference operator, n, m, k E N, 
m > 2, and 1 < k < n. Then it holds 
i=1 r= l  \ i=1  / 
Q=I  ir=l 
+ ~-~''" ~ Dw(k, il)Dw(il,i2)'"Dw(im-l,im)Amf(ira) 
i1=1 im=l 
PROOF. We prove our assertion by induction with respect o m. For m ~ 2 we have to prove 
the identity 
i=1 
i=1 j= l  
Applying identity (2.3) for the real-to-real function A f ,  we obtain 
n n 
1 ~-~wiAf(i) + ~-~D~(i,j)A2f(j) Af(i) = Wnn ~=1 j=l 
so, again using (2.3), we have 
f(k) = ~1 ~lwi f ( i )  + E D~(k,i ~=1 1 j=l wjAf(J) + E 
n 1 w~Af(i) D~(k,i) = 1 + 
Wn i=1  i=1 
n n 
+ ~ ~ D~ (k, i)D~ (i, j)A2f(j). 
i= l  j= l  
734 A.A.  ALJINOVId AND J. PE~ARId 
Hence, identity (2.5) holds for m --- 2. Now,  we  assume that it holds for a natural number  m.  
Applying identity (2.3) for the function Amf 
f~ 
1 Z~,n~f ( i )  + 
and using the induction hypothesis, we get 
Dw (ira, ira+l) Am+l f (ira+l) 
ira+l=l 
f(k) = ~ Z w,:(i) + 
i=1 r= l  i=1 
i1=1 i~=1 
1 ~-~wiAmf(i.~) + D,o(im,i.~+l) A~+lf( im+l)  
i=1 /.~+1=1 
1 wif(i) + Wan wiA"f( i  
Wn i=1 r= l  \ i= l  / 
i1=1 i .=1 
+ ~' ' "  ~ Dw(k, il)Dw(il,i2)'"Dw(im,im+l)z~m+lf(im+l) • 
Q=I  im+l=l 
We see that (2.5) is valid for m + 1 and our assertion is proved. II 
3. DISCRETE OSTROWSKI TYPE INEQUALITIES 
Bernoulli numbers B~, i > 0, are defined by an implicit recurrence relation 
~(  ) {1 ,  if m=0,  m+l  B i= 
~=0 i 0, if m 7~ 0. 
If we denote (for n E N and m E N) 
Sin(n) = 1 m + 2 m + 3 m +'"  + (n -  1) m, 
it is well known that if m E N (see [11]) 
Sm(n)=- - l~(m+l )B~nm+l -~.  
m-I-1 i=0 i 
DEFINITION 1. We say (p, q) is a pair of conjugate xponents if1 < p, q < co and l /p+ 1/q = 1; 
or i fp=landq=co;or i fp=coandq=l .  
THEOREM 3. Let f : R --~ ~ be any real-to-real function, n, k e N, and 1 < k < n. Let Mso (p, q) 
be a pair of conjugate xponents, 1 < p, q < c~. Then the following inequalities hold: 
L :( 
k) -1- i <__ 
n 
l(n'l (n,1)') 
n ~ + k -g -  "~{ la f ( , ) l} ,  
/ ~ \ 1/p 
1 (Sq(k) - t -Sq(n-k+:) ) l /q"  li~=llAf(i)lP ' 
i ma~(k - 1,~ - k}. ~ In/(i)l. 
n 
i= l  
Discrete Weighted Montgomery Identity 735 
PROOF. If we take wi = 1, i = 1, . . . ,  n, then Wi = i and l?di = n - i, and discrete Montgomery 
identity (2.3) reduces to 
1 E f(i) + D(k, i )Af( i ) ,  f(k) = n 
i=1  i=1 
where 
We have 
Since 
i 
D(k,i) = n' 
i 1, 
n 
1<i<k-1 ,  
k<i<n.  
_ 1 E f ( i  ) = D(k, i )Af( i )  <_ ~{IAf(i)l). ID(k,i)l. 
n i=1 i= l  
~' ,  -i (~--~÷(k n+l) 2) 
D(k, i)l = n 2 ' i=l 
the first inequality follows. For the second we apply the H51der inequality 
i=~iD(k,i)nf(i) ~- (i=~liD(~,i)]q)l/q (i~l'Af(i)ip)i/P 
Since 
1 i q+ (n - i )  q =~ (Sq(k )+Sq(n-k+l ) ) ,  
the second inequality follows. Finally, 
~=~l D(k, i)A f (  i) 
and 
{ID(k, i)1}" laf(i) i  
i--1 
1 
max {[D(k,i)l} = - max(k - 1,n - k} l~i~_n n 
implies the last inequality. | 
The next theorem is the generalization of the previous one. 
THEOREM 4. Assume (p, q) is a pair of conjugate xponents, 1 <_ p, q <_ oc and f : ~ -~ R any 
real-to-real function, n, k, m E N, m >_ 2, and 1 < k < n. Then the following inequalities hold: 
f(k) - ~1 ~ 
) 1 w,A'~f(i) ... D~(k, i l )D~( i l , i2 ) . . .P~( i r_ l , i~)  Wn r=l i]=1 i~=1 
<-,1=~"" ~ D~(k, il) D~( i l , i2 ) ' "D~( im- l , . )  [[Amfllp 
ira--l:1 q 
where 
)g(i)i, 
PROOF. By using (2.5) and the HSlder inequality. | 
i l l  ~p  < oo, 
if p = oo. 
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4. EST IMATIONS OF  THE D IFFERENCE OF  
TWO WEIGHTED ARITHMETIC  MEANS 
In this section, we will give the estimations of the difference of two weighted arithmetic means 
using the discrete weighted Montgomery identity. We suppose, from now on a, b, c, d E N. The 
first method is by subtracting two weighted Montgomery identities (which is possible for both 
cases a < c < d < b, i.e., [c,d] C_ [a,b] and a < c < b _< d, i.e., [a,b] N [c,d] = [c,b]). The 
second is by summing the discrete weighted Montgomery identity (but it is possible only in 
case a < c < d < b). In fact, when [a, b] n [c, d] # 0 we have four possible cases: [c, d] C_ [a, b] 
and [a, b] A [c, d] = [c, b] and [a, b] _C [c, d] and [a, b] A [c, d] = [a, a~, but the last two we can obtain 
from the first two by change a +-* c, b +-+ d. 
THEOREM 5. Let' f : ~ ~ ~ be any real-to-real function, a,b,c, d E N, w~, W~+l,...  ,wb finite 
b d sequence of real numbers as well as u~,u¢+l,... ,Ud. Let also W = ~i=~ wi, U = ~i=~ ui and 
for k E N 
Ok k < a, 
Wk= Ewi ,  a<_k<b, 
i=a 
W, k>b,  (4.1) { 0~_~ k < c, k Uk = ui, c < k < d, 
U, k >d. 
I f  [a, hi n [c, d] # 0, then, for both cases [c, a~ C [a, b] and [a, hi n [c, d] = [c, b], (and also for [a, b] c 
[c, d] ~nd [a, b] n [c, d] = [~, ) ,  t~e ne~* formula is .~lid 
b d max{b,d} 
1 V '~d( i~-  1 
i=a  i=c i=min{a,c} 
K(i)Af( i ) ,  (4.2) 
where 
PROOF.  
K(i ) -  U~ W~ 
U W'  
min{a, c} < i < max{b, d}. 
For k E ([a, b] M [c, 4 )  M N, we subtract identities 
b b 
1 
f(k) = W EwJ ( i )  + ED~°(k ' i )A f ( i )  
i=a i=a 
and 
Then put 
d d 
1 E uif(i) + E D~(k, i)Af(i).  f(k) = -~ 
i=c i=c 
K(k,i) = D=(k,i) - D~(k,i). 
Since K(k,i)  doesn't depend on k, we put K(i) instead 
W~ 
-W'  a <_ i < c, 
K(i)  = U~ W~ 
U W'  c<i<d,  
w~ 
1----~, d<i<_b, 
if [c, d] c [a, b], (4.3) 
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K(i)= --w, c<iI:b, 
u 
if [a, b] I? [c, d] = [c, b]. 
vi -- 
u l1 
b<i<d. 
THEOREM 6. Assume (p, q) is a pair of conjugate exponents, 1 5 p, q 5 00. Let 
any real-to-real function. Then we have 
$ f&if(i) - ; &if(i) I II~llqllA&~ 
i=a 2=C 
The constant IjKlj4 issharpforl~p~oo. 
PROOF. We use identity (4.2) and apply the Holder inequality to obtain 
737 
(4.4) 
I 
:K-+JRbe 
For the proof of the sharpness of the constant Il.K(i)lla we will find a function f, such that 
max{b,d} 
c K(Wf(i) 
i=min{a,c} 
For 1 < p < 00 take f to be such that 
Af(i) = sgn K(i) . JK(i)ll’(p-l). 
For p = 00 take 
At(i) = sgn K(i). 
For p = 1 we will find a function f, such that 
max{b,d} 
c K(i)Af(i) = 
i=min{a,c} 
min(a,c)I$$ax(b,d) IKCi)’ 
max{b,d} 
c lAf(i)I 
i=min{a,c} 
Suppose that [K(i)1 attains its maximum at ic E ([a, b]u[c, d)fN. First, we assume that K(io) >O. 
Define f, such that Af(i,) = 1 and Af(i) = 0, i # io, i.e., 
f(i) = 
1 
0, min{a,c} 5 i 5 ie, 
1, io < i 5 max{b,d}. 
Then, 
max{b,d} 
c K(Wf (4 
i=min{a,c} 
= IK (&,)I = 
min{a,c)~ZjLmx(b,d) IK(i)I 
and the statement follows. In case K(io) < 0, we take f, such that Af (ie) = -1 and Af (i) = 0, 
i # io, i.e., 
f(i) = 
1, min{a,c} 5 i _< io, 
0, io < i 5 max{b,d}, 
and the rest of proof is the same as above. 
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4.1. Case a < c < d < b 
COROLLARY 1. Let f : lR -+ E% be any real-to-real function. Then for a 5 c < d < 6 we have 
inequality 
b-i+1 efci)- 
2=a 
where 
cl = (a - c)(d - CS 1 - 21x1) + (l/2) (c - a)(c - a + 1) + (l/2) (b - d - l)(b - d) 
b-a+1 
+ 
-(1/2)(d-c+l)(d-c+2)+[XJ([X]+l) lXJ([Xj+l)+d-c+2 - 
b-a+1 d-c+1 2 
and X = (d - c + l)(c - a)/(b - a + c - d). 
PROOF. Ifweputp=oo,q=1andzu~=1,a~i~band~i=1,~~i~d(thus,W~=i-a+l, 
%‘i = b - i, Ui = i - c + 1, ui = d - i) in the inequality from Theorem 6. By (4.3) we have 
Then 
and 
c-l . 
c 
z-a+1 = (c - a)(c - a + 1) 
i=a b-a+ 1 2(b-a+l) ’ 
& ,!;:, = ‘“;;:f)~,“” 
i--c+1 i-a+1 i-a+c 
d-c+l-b-a+1 d-c+l-b-a+1 
d-c+1 
= (d-c+l);b-a+l) i=l 
c li(b-ate-d) + (d -c+l)(a-c)). 
Let g(i) = i(b - a + c - d) f (d - c $ l)(a - c). S ince g(l) = b - d + (d - c)(a - c) L 0 and 
g(d - c + 1) = (d - c + l)(b - d) 2 0 we have 
d-c+1 
c (i(b-ate-d)+(d-c+l)(a-c)j 
i=l 
LXJ 
= c -i(b - a + c - d) - (d - c + l)(a - c) 
i=l 
d-c+1 
+ c i(b-a+c-d)+(d-c+l)(a-c) 
i=LxJ+l 
= 1x1 (-i([X]+l)(b-a+c-d)-(d-c+l)(a-c)) 
+ (d - c + 1 - LX]) (i (d - c + 2 + lx])(b - a + c - d) + (d - c + l)(a - c)) 
= (a - c)(d - c + 1 - 21X]) - (l/2) (d - c + l)(d - c + 2) + 1x1 (LX] + 1) 
b-a+1 
_ lx~(lxl +l) + d-c+2 
d-c+1 2 . 
Now 
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k ,K(i), = (u - c)(d - c + 1 - 21X]) + (l/2) (c - a)(c - a + 1) + (l/2) (b - d - l)(b - d) 
i=a b-a+1 
+ 
-(1/2)(d-c+l)(d-c42)+ [X]([X] +1) - 
b-a+1 
[Xj([X] +1) +d-c+2 
d-c+1 2 . 
Consequently, the proof follows. I 
COROLLARY 2. Let f : R -+ R be any real-to-real function. Then for a 5 c < d 5 b we have 
inequality 
5rns.x 
b-d c-a 1 c-a+1 
b-u+l’b-a+l’ d-c+1 - b-a+1 . IPf 111. 
PROOF. Ifweputp=1,q=ooandwi=1,u~i~bandui=1,~~i<d(thus,~i=i-~+l, 
wi = b - i, Vi = i - c + 1, gi = d - i) in the inequality from Theorem 6. By (4.3) we have 
and 
c-u = 
b-u+l’ 
b-d-l 
= b-u+l’ 
for d < b, 
So, we have 
ar$?:b F(i) I = I-n= 
1 
b-d c-a 1 c-u+1 
b-u+l’b-u+l’ d-c+1 - b-u+1 ’ -- I> 
and it is easy to see that this formula is also valid if b = d. 
REMARK 2. In case a 5 c = d 5 b i.e., if c = d = k, we have 
(k - aI2 + (b - kj2 + b - a . llAf lloo 
2(b - a + 1) 
b-k k-a 
b-u+l’b-a+1 . IPf III 
where (p,q) is a pair of conjugate exponents, 1 < p, q < co. For a = 1 and b = n, these 
inequalities coincides with inequalities from Theorem 3. Indeed, for the first inequality we set 
c = d = k in the proof of Corollary 1, so 
f$-@)l=E i~~;:-l:r:::-~~:::l+~=~l ,“-;I 
i=CX i=a U 
= (k-u)(k-ufl) + b-k + (b-k-l)(b-k) 
2(b - a + 1) b-u+1 2(b - a + 1) 
= (k - u)~ + (b - k)2 + b - a 
2(b-at-l) . 
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For the last inequality, similarly, we set c = d = k in Corollary 2. For the second inequality, we 
put wi = 1, a 5 i < b and c = d = k, uk = 1, (thus, Wi = i - a + 1, mi = b - i, u = 1) in the 
inequality from Theorem 6. By (4.3) we have 
= @ _ a’+ l)q (S& - a + 1) + S& - k + 1)). 
4.2. CaseaLc<b<d 
COROLLARY 3. Let f : IL% --) R be any real-to-real function. Then for a 5 c < b 5 d we have 
inequality 
where 
c2 = (b - c + I)(2 - 2a + b + c) + (c - U)(C - u + 1) 
2(b - a + 1) 
+ (d - b - l)(d - b) - (b - c + l)(b - c + 2) 
2(d-c+l) 
PROOF. Weputp=oo,q=landwi=l,a5i<bandui=l,cIi<d(thus,Wi=i-a+1, 
l$‘i = b - i, Vi = i - c + 1, oi = d - i) in the inequality from Theorem 6. By (4.4) we have 
C2=~~~(i,~=~l-~l+~l~-~l+ 2 I;-l/ 
i=a i=a i=d+l 
‘-l i-a+1 
= 
c i=a b-a+1 +f: 
i-c+1 i-a+1 
i=c d-c+1 - b-a+1 +i=$+l d”,:l’ 
Then 
c c-1 i - a + 1 = (c - u)(c - a + 1) 
i=Cl b-a+1 2(b-a+l) ’ 
tl d ” ,L 1 = (d ;(;I ;)i4r b)’ 
and 
i-C-i-1 i-a+1 b-c+1 
d-c+1 - b-a+1 I I = z ,:+,-:I::;~ 
b-c+1 
= (d-c+l;(b-a+l) i=l 
c \i(b - a + c - d) + (d - c + l)(a - c)I . 
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Let g(i) = i(b - a + c - d) + (d - c + l)(a - c). S inceg(i)<Oforl<i<b-c+lwehave 
b-c+1 
li(b - a +- c - d) + (d - c + l)(u - c)[ 
i=l 
b-c+1 
= c -i(b-aft-d)-(d-c+l)(a-c) 
i=l 
=(b-cfl) (d-c+l)(c-u)-~(b-a+c-d)((b-c+2))) 
( 
= (b-c+1)(2-2a+b+c) _ (b-c+l)(b-ct2) 
2(b - a + 1) 2(d-c+l) . 
Finally, 
-& ,x(i), = (b - c + 1)(2 - 2a + b + c) + (c - a)(c - a + 1) 
i=a 2(b - a + 1) 
+ (d - b - l)(d - b) - (b - c + l)(b - c+ 2) 
2(d - c + 1) 
and the proof follows. I 
COROLLARY 4. Let f : iR ---) IR be any real-to-real function. Then for a 5 c < b < d we have 
inequality 
1 
d-c+1 . IlAf /Il. 
PROOF. Ifweputp=l,q=oo,andwi=l,a<iiband21i=l,c~iId(thus,W,=i-a+1, 
ii/‘i = b - i, Vi = i - c + 1, ui = d - i) in the inequality from Theorem 6. By (4.4) we have 
,<~&lx(i)t =a<yTz?1 -- -- 
b+ysy5d I~c(9l = 
d-i 
b+?& d-c+1 = I I 
d-b-l 
d-c+l’ 
if b < d, 
and 
max [K(i)/ = max 
i-c+1 i-a+1 
c<i<b cji<b d - c + 1 - b - u + 1 
=max~~~~~,‘,d~~+~ -;:;$ 
So, we have 
aTz~d IX(i)l = max 
d-b c-u c-a+1 1 
-- d-c+l’b-u+l’(b-a+l-d-c+1 
and the formula is also valid if b = d. 
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COROLLARY 5. Let f : lR --+ R be any real-to-real function, k E N, and a 5 k 5 d. Let also (p, Q) 
be a pair of conjugate exponents, 1 < p, q < 03. Then the following inequalities hold: 
l/q 
‘d’ - a + ‘) + (d _ ;+ 1)q ‘qcd - k + I) . Pf lIP7 
. IlAf Ill. 
PROOF. For the first inequality we set b = c = k in the proof of Corollary 3 
k-a d-k 
=T+d-k+l+ 
(d-k-l)(d-k) _ d-a. 
2(d - k + 1) 2 
For the last inequality, similarly, we set b = c = k in Corollary 4. And for the second inequality, 
weputw~=1,a~i~Icandui=1,K~i<d,(thus,~~~~-u+l,~’i~~-~i,~~~~-~+l, 
ui = d - i) in the inequality from Theorem 6. By (4.4) we have 
= (k-a1+1)9 s’?(k-a+l)+(dd;~l)q+ (d-;+l)qS,(d-k) 
= (k-al+1)q 
S,(k - a + 1) + 
(d-:+1)” 
S,(d - k + 1). 
And the proof follows. I 
REMARK 3. If we suppose b = d in both cases a < c < d < b and a 5 c < b 5 d, the analogous 
results coincides. 
4.3. The “Weighted” Case 
COROLLARY 6. Assume w,, w,+l, . . . , Wb and u,,u~+~, . . . , ud are the finite sequences of real, 
positive numbers and (p, q) is a pair of conjugate exponents, 1 < p, q < 03. Let f : JR -+ R be 
any real-to-real function. Then for a 5 c < d 5 b, we have 
6 f: ZUif(i) - $ e Uif (4 
i=a *=I2 
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and for a 5 c < b 5 d 
I [ 
C-l 
c 
i=a 
[ 
C-l 
5 c 
i=CL 
WC-1 --,l- ub+l 
W 7’ 2%2b -- 
PROOF. Directly from Theorem 6. 
The first inequality from the next theorem may be regardec 
equality. 
I 
d as the weighted Ostrowsky in- 
COROLLARY 7. Assume w,, w,+~, . . . , wb is a finite sequence of real, positive numbers and (p, q) 
is a pair of conjugate exponents, 1 < p, q < 00. Let f : R -+ If8 be any real-to-real function 
and a 2 k < b. Then 
- ; IPf 1l.m 
l-t!?” 
l/q 
W II Pf IlP 
Wf 111. 
PROOF. By setting c = d = Ic and Uk = 1 in the first inequality from Corollary 6. I 
COROLLARY 8. Assume w,, w,+~, . . . , Wb and ucr u,+~, . . .) Ud are the finite sequences of real, 
positive numbers and (p, q) is a pair of conjugate exponents, 1 < p, q < 03. Let f : IIt --) IF! be 
any real-to-real function and a 5 lc < d. Then 
i=k 
PROOF. By setting b = c = k in the second inequality from Corollary 6. I 
REMARK 4. The second method of giving the estimation of the difference of the two weighted 
arithmetic means is by summing weighted Montgomery identity. This method is possible only in 
case a 5 c < d 5 b. In this way we also get formula (4.2). Let c 5 j 5 d, from (2.3) we have 
744 A. A. ALJINOVI~ AND J. PEEARI~ 
so 
By interchange of the order of summation we get 
This identity is equivalent to (4.2) with (4.3). 
The next theorem is the generalization of Theorem 6. 
THEOREM 7. Assume (p, Q) is a pair of conjugate exponents, 1 5 p, q _< co. Let f : R -+ R be 
any real-to-real function, a, b, c, d, k, m E N, m 1 2, and k E ([a, b] n [c, 4) nM. Then the folIowing 
inequality holds: 
where 
b b 
K(k,i,) = c ... c D, (k,il) D, (il,iz)...D, (im--l,im) 
il=a i,-l=a 
- 2 . . . , 5 D, (k, il) D, (il, iz). . . D, (k--l, im) 
and we suppose that 
b b 
C . . . c D, (k,il) D,,, (il,iz) .** D, (Gn--l,%n) = 0, for i, $ [a, b] n N, 
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and 
d d 
c... c D,(k,il)D,(il,i2)...Du.(im--l,im)=O, for i, $ [c, d] n N. 
iI- i,-l=C 
The constant IIK(Ic, l )/j4 is sharp for 1 5 p < 00. 
PROOF. As in Theorem 6, we subtract two weighted Montgomery identities, one for inter- 
val [a, b] n N and the other for [c, d] n N. After that, our inequality follows by applying the 
Hijlder inequality. The proof for the sharpness of the constant IIK(k, l )1l9 is similar as the proof 
of Theorem 6 (with K(k, ) l instead of K and A”‘f instead of Af). I 
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